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Abstract: We report on the first formulation of the inverse problem in optical tomography
within the framework of PDE-constrained optimization and combine Newton’s method
for numerical optimization with a Krylov subspace solver. This approach leads to reduced
memory requirements and increased convergence speed.
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1. Introduction

Still one of the major challenges in optical tomography (OT) is the development of efficient numerical algorithms for
solving both the forward and inverse light propagation problems. Most algorithms currently employed in OT formulate
the inverse problem as an unconstrained optimization problem [1]. In this paper, we introduce a Lagrangian approach
for solving the inverse problems in optical tomography (OT), which combines the forward and inverse model under
one optimization function. As a forward model of light propagation we use the radiative transport equation (RTE). The
inverse problem is formulated as a minimization problem with the RTE being considered as an equality constraint on
the set of “optical properties — radiance” pairs. This approach allows the incorporation of the recently developed tech-
nique of PDE-constrained optimization, which has shown great promise in many applications that can be formulated
as infinite-dimensional optimization problems [2] and increase the convergence rate. Further implementing a Krylov
subspace solver for the forward and inverse problem further reduces the memory requirements.

In this paper we first present the Lagrangian, KKT condition and KKT system. Subsequently the Krylov subspace
solver is introduced. Using synthetic data, we present reconstructed results using the full Newton method and two of
its approximations, the Gauss-Newton and the Quasi-Newton method.

2. OT On PDE Constrained Optimization Formulation
2.1. Lagrangian with Least Square Objective Function
The objective function to be minimized in optical tomography can be formulated as a least square function with N

sources and N, detector per source:
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where p is the reconstructed parameter (being (i, only, i, only, or both u, and ;). zf is the recorded measurement on
the source s, u; is predicted radiance field. R(ut) is the regularization term and f3 is a regularization parameter. Details
of these parameters can be found in paper [1].

The reconstruction problem can be formulated as a nonlinear constrained optimization problem writing

minZ (W,u); with s.t.u(p) =0, )
here u(ut) is an frequency-domain RTE defined as a complex function with a complex variable u,
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It is more convenient to separate the complex variable into real (u®) and imaginary (u!) parts. The Lagrangian
function . (u,uf ,u’ , AR A7) can be written as:

L(pouf ul AR AT = F (o) + Ly (AR) + Lo (D). )
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The term £} and . are the integrals of the PDE over the domain:

.

{///IR O+ (0-V+p(x ))uR(x,G)f,us(x)/zk(O.9/)uR (x,6') d0')dxd6, + QLR[MR(X,G)qR(x,G)]dF};
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2.2.  The First Order Optimality Necessary Condition (KKT Condition) and KKT sytem

The solution to the constrained optimization problem (2) satisfied the first optimality conditions. Treating the scatte-
ring coefficient in the media as a constant and only considering to recover the absorption map, the KKT condition can
be expressed as:

ZtR(uRvulnu'alRall) 0 fz(u u U, }LR }Ll) :();
"S/p,ua(uRﬂ'tIhu?lR)AI) :0,
XAR(uRﬂMI?/'hA’R,A’[) 0 gﬂtl(l/l M ,IJ, A,R A,I) 0 (5)

here % is the derivative of the lagrangian with respect to uX, similar to u/, u?, AR, and A!. The first two KKT
conditions are the adjoint transport equation which project back the mismatch of the objective function to the whole
computation domain. The third optimality condition here is the gradient of the Lagrangian function respective to
reconstruction parameter.The forth and fifth KKT conditions are simple the forward problem of RTE.

The second derivative of Lagrangian function forms a KKT System. Here with the function expressed in Eq (4), the
KKT system is:
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3. Optimization Schemes with a Reduced Space Method and a Krylov-Subspace Solver

The reduce space method accurately eliminates and releases some constrains and projects the updating space into the
optical properties only. Cooperating the KKT conditions, in the reduced-space, KKT system becomes:

guRuR 0 zﬂe Ua Z,RAR ZtR/II R 0
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Focusing on reconstructing absorption only the Newton-type updating can be written as:

here, « is line search step length, applied soft-line search scheme; [i, is the updating direction of the optical property.
We have implemented three different methods for determining [, : Newton method, Guass-Newton method and
Quasi-Newton method.

Performing the Gauss elimination of @ and A® on equation (7), updating direction can be found by:

Hedfla = — Ly, - )
With J = .,2”_1.,% , the reduced Hessian .77,,; can be written as:
Au Ha

%ed = og/p,ua,ua +JT$¢MJ_JT$UL,, - g[.lauja (10)
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Modified the above reduced Hessian .77, to make the .77;., positive definiteness, we can write the a Gauss-Newton
approximation formula:
HEN = Ly +IT L. an
The Quasi-Newton approximation replaces the reduced Hessian .., with the BFGS approximation B. Insteading
of inverting the Hessian matrix, the BFGS algorithm updates the inverse Hessian D = B! at each step. Thus search
direction becomes:

:aa(k) = _-@gya(k)- (12)

The Krylov-subspace method finds one, or a few, eigenvalues of large sparse matrices. It is used for solving large
systems of linear equations, in which it is desirable to avoid matrix-matrix operations. For finding the above inverse
searching direction, a Hessian-matrix-free method is adopted. For example, in the Newton method

Halla = Lygpalla +I" L la —I" Lupois — Lrtaued Ha- (13)

Introduce two auxiliary variables Y; and Y,, the above equation (13) can be split into the following three equa-
tions, which can be solved iteratively: £3,Y1 = £, flu; LiaYo = Ll — Lup, s and Heafla = Lyyyp, lla +
Ziv;] gya}LYZ - f,uaqu;
4. Numerical Results

We have extensively tested the three different reduced-space methods within the framework PDE-constrained opti-
mization. An example is shown in Figure 1, where we simulated measurements on a 2cm X 2cm domain descritized as
81 x 81 grids that contains a target with an absorption coefficient twice as high as the coefficient for the background.
The scattering coefficient is 50.0cm™! and g=0.9. For the reconstruction we used data from 4 sources and 156 de-
tectors, equally spaced around the phantom. (see the exact setup in Fig 1—- Exact Setup). For this example the source
modulation frequency was 500 MHz. Fig. 1 displays the 2D reconstructed results as well as the u,-values along lines
that cross the center of the inhomogeneity along the x and y-axis.

Overall we found that using the PDE-constrained approach together with the Krylov-subspace method, the compu-
tational memory can be saved with a factor of the square root of the memory used in non-Krylov method. Depending
on the particular problem considered, we observed speed increase between a factor of 5 and 20. Also, using the frame-
work of the Lagrangian function, all other boundary constrained conditions can be added without further remodelling.
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Figure 1. An example of the reconstruction results with variants Newton-type methods
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