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Abstract: Most of the currently existing image reconstruction algorithms for optical tomography
(OT) can be formulated as an optimization problem. To find a minimum of an appropriately
defined objective function, researchers in OT mostly rely on conjugate-gradient (CG) methods. In
this work we have tested the performance of quasi-Newton methods, which prove to be superior to
CG methods, both in terms of conversion time and image quality.
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1. Introduction

Most of the currently available reconstruction algorithms for diffuse optical tomography (DOT) use some form of a
model-based iterative image reconstruction (MOBIIR) scheme.[1,2,3,4,5,6,7] In these schemes the image
reconstruction problem can formulated as a numerical optimization problem, which consists of three major parts.
First, a forward model for light transport is used to predict the measured data, assuming a certain initial distribution
of optical properties. Second, a scalar objective function, ®, is evaluated to obtain a measure of difference between
the predicted and measured data. In a third step the initial guess is updated in a way that reduces the difference
between predicted and measured data as defined by the objective function. These steps are repeated until the
objective function is minimized.
Besides the type of forward model being used, currently available algorithms for optical tomography mainly
differ in what type of updating schemes are employed. In general the updating procedure can be written as [8,9]
Hicy1 = My + O » ey
where g is a vector containing a set of optical properties from which the new set g, is obtained. The vector py is a
search direction in the N-dimensional space, given a problem with N unknowns. The parameter ¢ is the step length
in the direction p;. Reconstruction algorithm for OT, mainly differ in the way p, and ¢4 are determined. In the most
general from the search direction is given by
Pk = AV @ + Brpk—i 2
For example, using the steepest gradient descent method, = 0 and A; equals the identity matrix I. Most
commonly applied in OT are conjugate gradient (CG) techniques in which A;= I and S # 0 is a scalar that ensures
that px and py.| are conjugate. In this work we explore the performance of so-called quasi-Newton methods, in which
B =0 and A; is chosen as an approximation of the inverse second derivative of the objective function Vio=H
which is also commonly referred to as the Hessian matrix. In general, Quasi Newton methods are often found to be
more reliable and faster converging and than CG methods but have not yet been applied to optimization problems
encountered in optical tomography.

2. Numerical Background

Quasi Newton methods are derived from Newton's method, which is often used for finding zeros of a nonlinear
function. When we consider the minimization of an objective function ®(x) the tusk becomes to find a zero of the
first derivative, 0®/0u= Vo = @', of the objective function with respect to the optical parameters. Given an
estimate 4, of the solution, the nonlinear function ®'(x5) can be approximated by the linear function ¢(-) which
consisting of the first two terms of the Taylor series expansion of ®'(x) at the point f.:

D (e + p) o< q(ug + p) =D (i) + D' (4 )p (3)
For (4 + p) =0 we can solve the Newton equation for p:
D (u)p =—D () . “)

The Hessian matrix ®" consists of second derivatives of the objective function. The parameter p is the search
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direction to be used in Eq. 1. After determining p from Eq. 4, an updated set of optical properties L., can be found
with Eq. 1 (in general ¢, =1 when Newton method is used). Newton's method is rarely used in its "classical" form
for nonlinear programming problems, because it is often difficult to obtain the Hessian matrix ®" for a given
problem. Even if @" can be calculated, the storage of this matrix requires large amounts of memory. To overcome
these problems so-called quasi-Newton methods (QN) are employed.

In the QN approach the Hessian matrix ®" is replaced by a matrix B, that approximate ®@" and can be obtain at a
lower computational cost. Employing the secant condition the quasi-Newton approximation can be defined as
By 415 =y , with the vectors s; =ty 41 — Uy and yp =D (xg41)— D' (x; ). Performing a line search according to
Eq. 1 the vector s, iS s; =&y pr . A new update of the matrix B,,,, having the matrix B, and the vectors s, and

y, from the former iteration, is for example given by the Broyden-Fletcher-Goldfarb-Shanno formula (BFGS):

T
(Bisi XBysy.) . Y
Sk Bysy i Tsy

By 11 =By — (5)

Given an approximation to the inverse Ay = By 1 it is even easier to compute the search direction according to Eq. 2
without having to solve a system of linear equations By (x)p= —®' (¢;) at all. An iterative way to calculate A is for
example given by [7,8]

T T
Or=Asi Ve Oe=As) s
T - o Kk ©)
Y Sk (Yk Sk)
This BFGS formula together with Eq. 1 was implemented for this study. Limted Memory BFGS (Im-BFGS)

methods further simply this equation to reduce the memory requirements even more. In this case Ay in Eq. 7 is
replaced with the identity matrix.

Apr1 =Ar +

3. Results

We compared the performance of quasi-Newton methods based on the BFGS formula (Eq. 6) and the Im-BFGS
formula (Eq. 6 A¢ = I) with to the already widely used conjugate-gradient method. An example of a scattering
medium is shown in Fig. 1a. The cross-sectional image to be reconstructed consisted of three objects with scattering
coefficients of uy=2.9 cm’, n-=8.7 cm™ and u-=11.6 cm™, which were embedded in a 3 cm x 3 cm background
medium with p = 5.8 cm™. The absorption coefficient u,= 0.35 cm™ did not vary within the isotropically scattering
medium (g=0). The medium was surrounded by 8 equally spaced sources and 116 equally spaced detectors. 2
sources and 29 detectors were placed on each side of the medium. Detector readings on the same side as the source,
were not used for the reconstruction. The measured data at the detector positions was generated by using the correct
spatial distribution of optical properties (Fig. 1). The forward calculations were performed on a 61 x 61 grid with 16
ordinates by using the finite-difference discrete-ordinates method based on the equation of radiative transfer. [10]
We used partly reflective boundary conditions based on Fresnel's law with a homogeneous refractive index n=1.54
for the scattering medium. The objective function was defined as the % error norm, which was iteratively minimized
by the optimization scheme using the CG,[11] limited-memory BFGS and full BFGS method. The reconstruction
was started with a homogeneous medium p, = 035 cm™ and p, = 5.8 cm™ as an initial guess and the iterative
update process was terminated when [(®y,, - @)/ @ <10, The results are displayed in Figs. 1b and 2.

Fig. 1b shows the valued of the objective function as a function of number of total number of gradient an d
forward calculation. The Im-BFGS method reached the stopping criterion after 92 basic operations, which consisted
of 54 forward and 38 gradient calculations (54+38). The BFGS method converged after 172 basic operations
(98+74). The CG method took the longest time to reach the stopping criterion, requiring 395 basic operations
(363+32). The absolute number of forward runs and gradient calculations differed, depending on the method used.
Usually the CG method made more forward runs and fewer gradient calculations than the QN methods. The final
value of the objective function was different for all three methods. The BFGS method had the smallest value with
logjp = -5.32, whereas the CG method had the largest value with log;o = -4.48. The corresponding reconstructed
images are shown in Fig. 2.

4. Summary

The image reconstruction problem in optical tomography can be considered as a nonlinear optimization problem.
The goal is to find the minimum of an objective function that evaluates the difference between measured and
predicted data. The majority of currently existing algorithm for OT use only first derivative information of the
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objective function with respect to the optical properties to find the minimum. In this work we presented a quasi
Newton technique that employs approximations to the Hessian matrix, which contains second derivative
information. Our results show that using the quasi-Newton method considerably reduces convergence time and

improves image quality. The disadvantage of the quasi-Newton method is a larger memory requirement as compared
to conjugated gradient techniques.
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Fig. 1 (a-) Original cross-section of the scattering coefficient ;. (b) Value of the objective function (Eq. 7) as function
of total number of forward and gradient calculations.

@

Fig. 2. (a) Reconstructed image using the CG-method. (b) Reconstructed image using the BFGS-method. (c)
Reconstructed image using the BFGS-method.
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